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Abstract 
Molecular dynamics (MD) simulation was carried out to acquire an in-depth understanding of 
the flow behaviour of single crystal silicon during nanometric cutting on three principal 
crystallographic planes and at different cutting temperatures. The key findings were that (i) 
the substrate material underneath the cutting tool was observed for the first time to experience 
a rotational flow akin to fluids at all the tested temperatures up to 1200 K. (ii) The degree of 
flow in terms of vorticity was found higher on the (111) crystal plane signifying better 
machinability on this orientation in accord with the current pool of knowledge LLL DQ
LQFUHDVHLQWKHPDFKLQLQJWHPSHUDWXUHUHGXFHVWKHVSULQJ-EDFNHIIHFWDQGWKHUHE\WKHHODVWLF
UHFRYHU\ DQG LY WKH FXWWLQJ RULHQWDWLRQ DQG WKH FXWWLQJ WHPSHUDWXUH VKRZHG VLJQLILFDQW
GHSHQGHQFHRQ WKH ORFDWLRQDQGSRVLWLRQRI WKHVWDJQDWLRQ UHJLRQ LQ WKH FXWWLQJ]RQHRI WKH
VXEVWUDWH 
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1. Introduction 
An in-depth understanding of the plastic deformation mediated flow behaviour of single 
crystal silicon during its nanometric cutting is of significant relevance to adjudge VXUIDFH
TXDOLW\ RI WKH PDFKLQHG VXEVWUDWH Single crystal silicon is a brittle material at ambient 
temperature due to the sp3 bonding, relatively short bonding length and closely packed 
diamond cubic lattice structure, which makes it a difficult-to-machine material.  
Despite an aggressive interest in studying nanometric cutting of silicon, there has been no 
theory till date suggesting material flow in different regions of the silicon substrate during its 
ductile-regime machining [1]. In this paper, an attempt was made to study the plastic 
deformation mediated flow behaviour of single crystal silicon during nanometric cutting 
processes at different machining temperatures. The research of this sort will help address an 
important research question which is at the pinnacle of nanotechnology i.e. what is the fate of 
silicon when it is acted upon by high deviatoric stresses and to what an extent it is sensitive to 
the temperature of the substrate? In order to understand these, this study adopts molecular 
dynamics (MD) simulation so as to shed some light on the flow behaviour of silicon and flow 
stagnation phenomenon during nanometric cutting which has not received due attention in the 
previously made research efforts in this direction. 
 
2. MD simulation details 
7KH0'VLPXODWLRQVLQWKLVZRUNZHUHSHUIRUPHGE\XVLQJDSXEOLF-GRPDLQFRPSXWHUFRGH
³ODUJH-VFDOH DWRPLFPROHFXODU PDVVLYHO\ SDUDOOHO VLPXODWRU´ /$0036 >@ A schematic 
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representation of the MD model has been shown in Fig. 1. The cutting was performed on the 
(010), (110) and (111) crystallographic planes and [100], [00 ?ത], [ ?ത ?0] directions of silicon, 
respectively, while cubic orientation was used for the diamond cutting tool. The machining 
temperatures used in this investigation were 300 K, 500 K, 750 K, 850 K, 1173 K and 1500 
K.7KHPHWKRGRORJ\DGRSWHG WRSHUIRUPWKHVLPXODWLRQZDVVLPLODU WRZKDWKDVSUHYLRXVO\
EHHQ XVHG LQ QXPHURXV RWKHU FRQWDFW ORDGLQJ VLPXODWLRQ VWXGLHV >-@ Since the point of 
interest was to study the flow behaviour of silicon at varying (high) cutting temperatures, a 
potential robust in predicting the melting point of silicon was required. Accordingly, a
PRGLILHGYDULDQWRIWKH7HUVRIILQWHUDWRPLFSRWHQWLDOIXQFWLRQUHILQHGE\$JUDZDOHWDO>@
ZKLFKLVUREXVWLQSUHGLFWLQJWKHPHOWLQJSRLQWDQGWKHUPDOVRIWHQLQJEHKDYLRXURIVLOLFRQDW
HOHYDWHG WHPSHUDWXUHV >@ZDVDGRSWHG LQ WKLVVWXG\ ,QRUGHU WRGHWHUPLQH WKHDWRPLFIORZ
ILHOG LQ GLIIHUHQW UHJLRQV RI WKH VXEVWUDWH WKH DWRPLF GLVSODFHPHQW RI HDFK DWRP IURP LWV
LQLWLDOFRQILJXUDWLRQZDVFDOFXODWHGDQGDFFRUGLQJO\WKHGLVSODFHPHQWYHFWRUVZHUHSORWWHG 
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)LJ6FKHPDWLFUHSUHVHQWDWLRQRIWKH0'VLPXODWLRQPRGHOIRUQDQRPHWULFFXWWLQJ 
 
 
3. Results and discussion  
,QRUGHUWRH[SORUHWKHDWRPLFIORZILHOGZLWKLQWKHVXEVWUDWHWKHVXEVWUDWHZDVGLYLGHGLQWR
ILYHGLVWLQFWUHJLRQVDVVKRZQLQ)LJDQGWKHVHZHUHFXWUHJLRQUHJLRQXQGHUQHDWKWKHWRRO
IODQNIDFHUHJLRQEHWZHHQWKHIODQNIDFHDQGWKHWRROWLSUHJLRQDKHDGDQGEHQHDWKWKHWRRO
WLS DQGXQFXW UHJLRQ7KLVGLYLVLRQZDV DGRSWHG IRU WKH HDVHRI LOOXVWUDWLRQ7KH VWDJQDWLRQ
UHJLRQLVWKHUHJLRQZKHUHWKHVKHDULQJDFWLRQOHDGLQJWRFKLSIRUPDWLRQVHSDUDWHVIURPWKH
FRPSUHVVLYHDFWLRQXQGHUQHDWKWKHFXWWLQJHGJHRIWKHWRROHYHQWXDOO\OHDGLQJWRVSULQJ-EDFN
HIIHFWUHVXOWLQJLQWKHDSSHDUDQFHRIWZRVWDJQDWLRQDQJOHVߠ௦VKRZQLQ)LJDQGWKLVFDQ
EHFDOFXODWHGIURP 
ߠ௦ଵǡଶ ൌ ܿ݋ݏିଵሺ ? െ௛భǡమ௥ ሻ 
ZKHUH݄ଵǡଶVWDQGVUHVSHFWLYHO\IRUWKHXSSHUDQGORZHUERXQGVRIVWDJQDWLRQUHJLRQDQGUIRU
WKHWRROWLSUDGLXV 
$VQDSVKRWIURPWKH0'VLPXODWLRQDIWHUQPRIVWHDG\VWDWHFXWWLQJLVSUHVHQWHGLQ)LJ
GHSLFWLQJWKHGLVSODFHPHQWYHFWRURIVLOLFRQDWRPVLQWKH;<SODQHZKLOHPDFKLQLQJDW.
RQ WKH   DQG WKH  FU\VWDO SODQHV )ROORZLQJ FRQYHQWLRQDO FU\VWDOORJUDSKLF
FRQYHQWLRQ WKLV SDSHU XVHV   DQG > @ QRWDWLRQV WR UHSUHVHQW FU\VWDOORJUDSKLF SODQH
RULHQWDWLRQV GLUHFWLRQRISODQHQRUPDODQGFU\VWDOORJUDSKLFGLUHFWLRQVVXFKDVFXWWLQJDQG
VOLS UHVSHFWLYHO\ )URP )LJ  RQH FDQ REVHUYH D URWDWLRQDO IORZ RI DWRPV XQGHUQHDWK WKH 
cutting tool akin to fluid flow and a GLVWLQFW GLVWULEXWLRQ RI DWRPLF IORZ ILHOG LQ GLIIHUHQW
UHJLRQVRIWKHVXEVWUDWH.  
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)LJ)LYHUHJLRQVLQWKHVXEVWUDWH,-&XWUHJLRQ,,-8QGHUQHDWKWKHIODQNIDFH,,,-%HWZHHQ
WKHIODQNIDFHDQGWRROWLS,9-$KHDGDQGEHQHDWKWKHWRROWLS9-8QFXWUHJLRQ5HGDUURZV
DUH IORZ YHFWRUV DURXQG WKH VWDJQDWLRQ UHJLRQ ,Q WKH GHWDLOHG VQDSVKRW ߠ௦ଵǡଶ DQG ݄ଵǡଶ
UHSUHVHQWWKHOLPLWLQJERXQGVRIWKHVWDJQDWLRQDQJOHVUHVSHFWLYHO\LQWKHVWDJQDWLRQUHJLRQ 
 
,QDQDQRPHWULFFXWWLQJSURFHVVWKHUHH[LVWVDVRFDOOHGVWDJQDWLRQQHXWUDOUHJLRQDURXQGWKH
WRROWLSDVVKRZQLQ)LJZKHUHE\WKHDWRPLFIORZVHSDUDWHVLQWRWZRRSSRVLWHGLUHFWLRQV
7KHDWRPVDERYHWKHVWDJQDWLRQUHJLRQDUHVHSDUDWHGIURPWKHVXEVWUDWHDQGIORZXSZDUGRQ
WKHUDNHIDFHRIWKHFXWWLQJWRROIRUPLQJWKHFXWWLQJFKLSVZKHUHDVDWRPVEHORZWKHVWDJQDWLRQ
UHJLRQDUHFRPSUHVVHGGRZQZDUGE\WKHWRROWLSHYHQWXDOO\UHVXOWLQJLQWKHREVHUYHGVSULQJ
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EDFNHIIHFW 
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)LJ6QDSVKRWVRIDWRPLFIORZILHOGLQWKH;<SODQHZKLOHFXWWLQJVLOLFRQRQWKHGLIIHUHQW
FU\VWDORULHQWDWLRQVDW.7KHUHGDUURZVLQGLFDWHGLVSODFHPHQWYHFWRUVRIDWRPVDQGWKHLU
OHQJWKVGHPRQVWUDWHWKHUHODWLYHPDJQLWXGHRIGLVSODFHPHQW7KHDWRPVRIWKHFXWWLQJWRRODUH
GHOLEHUDWHO\NHSWKLGGHQVRWKHSRVLWLRQRIWKHFXWWLQJWRROZLWKUHJDUGWRWKHILYHUHJLRQVLQ
WKHVXEVWUDWHFDQEHWUDFHGIURP)LJ 
 
$OWKRXJKVKRZQH[SOLFLWO\LQ)LJE\DQGODUJHWKHILYHPDQLIROGGLVWULEXWLRQRIWKHDWRPLF
IORZILHOGIRUWKHWKUHHFU\VWDOSODQHVZDVIRXQGLGHQWLFDODQGKHQFHRQO\WKHRULHQWDWLRQ
KDVEHHQXVHGKHUHIRU LOOXVWUDWLRQSXUSRVHV7KHFKLSIRUPDWLRQSURFHVVGXULQJQDQRPHWULF
FXWWLQJRIVLQJOHFU\VWDOVLOLFRQLQYROYHVH[WUXVLRQRIWKHPDWHULDO>@DQGLQWKLVVWXG\LWZDV
REVHUYHGWKDWRQWKHVXUIDFHLWSURFHHGVLQሾ ? ? തሿDQGሾ ? ? തሿGLUHFWLRQV$VWKHFXWWLQJ
WRRO JRHV SDVW UHJLRQ ǿ WKH KLJKO\ FRPSUHVVHG DWRPV LQ WKLV UHJLRQ WHQG WR UHVWRUH WKHLU
HTXLOLEULXP SRVLWLRQV LQRUGHU WR UHOLHYH WKH UHVLGXDO VWUHVVHV$W PDFURVFRSLF VFDOH WKLV LV
UHFRJQL]HGDVPDWHULDO UHFRYHU\RUVSULQJEDFNHIIHFW&RQVHTXHQWO\ IHZGLVWLQFWEDFNZDUG
DQGWUDQVYHUVHPRYHPHQWVDORQJWKH>@DQGሾ ?ത ?ത ?ሿGLUHFWLRQVZHUHREVHUYHGLQWKHUHJLRQ
ǿ$VWKHVXEVWUDWHWHPSHUDWXUHLQFUHDVHVWKHPDJQLWXGHRIDWRPLFGLVSODFHPHQWGHFUHDVHVLQ
ERWK WKH DIRUHPHQWLRQHG GLUHFWLRQV DV VKRZQ LQ )LJ  ,Q UHJLRQ ǿǿ XQGHUQHDWK WKH IODQN
IDFHWKHXSZDUGPRWLRQRIWKHDWRPVDORQJWKH>@GLUHFWLRQUHVXOWVLQHODVWLFUHFRYHU\RQ
WKH IODQN IDFH$V WKH VXEVWUDWH WHPSHUDWXUH LQFUHDVHV WKH PRYHPHQW RI WKH DWRPV LQ WKLV
UHJLRQ ZDV REVHUYHG WR FKDQJH IURP WKH >@ WR ሾ ? ? തሿ DQG ሾ ? ? തሿ GLUHFWLRQV LQGLFDWLQJ
UHGXFHG VSULQJ EDFN XQGHUQHDWK WKH IODQN IDFH 2QH SODXVLEOH UHDVRQ IRU WKLV SKHQRPHQRQ
FRXOG EH WKH IDFW WKDW DQ LQFUHDVH RI WKH VXEVWUDWH WHPSHUDWXUH UHVXOWV LQ DQ LQFUHDVH LQ WKH
DPSOLWXGH RI DWRPLF YLEUDWLRQ VLJQLI\LQJ LQFUHDVHG QXPEHU RI SKRQRQV ZKLFK LQ WXUQ
FRQWULEXWHV WR DGGLWLRQDO DWRPLF GLVSODFHPHQWV 7KH DWRPLF GLVSODFHPHQWV ZLWKLQ WKH
VXEVWUDWH UHVXOW LQ DQ LQFUHDVH LQ WKH LQWHUDWRPLF GLVWDQFHV DQG D GHFUHDVH LQ WKH UHVWRULQJ
IRUFHV GXH WR WKHUPDO H[SDQVLRQ OHDGLQJ WR WKH JHQHUDWLRQ RI HODVWLF VWUDLQ LQ WKH FRKHVLYH
ERQG DQG FRUUHVSRQGLQJ ORZHULQJ WKH HQHUJ\ UHTXLUHG WR EUHDN WKH DWRPLF ERQGV
&RQVHTXHQWO\WKHUPDOVRIWHQLQJHQKDQFHVWKHSODVWLFLW\RIWKHsilicon substrate.  
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7KHKLJKO\VWUDLQHGDWRPV LQ UHJLRQ ǿǿǿ EHWZHHQ WKH WRRO IODQNIDFHDQG WRRO WLSXQGHU WKH
ZDNHRIWKHFXWWLQJWRROH[SHULHQFHIORZVLWHRIYRUWLFLW\ZKLFKFRPSULVHVPRYHPHQWRIWKH
DWRPV LQ WKHሾ ?ത ?ത ?ሿሾ ? ? ?ሿ ሾ ? ? ?ሿ DQG >@ GLUHFWLRQV 7KH LQLWLDWLRQ RI WKH PDWHULDO
IORZሾ ?ത ?ത ?ሿRFFXUVXQGHUQHDWKWKHORZHVWSDUWRIWKHWRROWLS7KHFHQWUHRIWKHIORZUHJLRQ
FDQEHSHUFHLYHGDVDVWDJQDQWSRLQWRIWKHDWRPLFIORZZKHUHWKHWKHRUHWLFDOGLVSODFHPHQWRI
WKHPDWHULDODSSURDFKHV]HURInterestingly, except for 1500 K, tKHYRUWH[IORZRIWKHDWRPVLQ
UHJLRQ ǿǿǿ ZDV D FRQVLVWHQW REVHUYDWLRQ DW DOO WKH VLPXODWHG WHPSHUDWXUHV )URP D YLVXDO
SHUVSHFWLYHWKHIORZZDVVHHPLQJO\DODPLQDUIORZZKHUHDVDWKLJKHUWHPSHUDWXUHVVXFKDV
DW  . DQG  . WKH IORZ RI WKH PDWHULDO ZDV VHHPLQJO\ WXUEXOHQW 7KH IORZ
FKDUDFWHULVDWLRQRISODVWLFDOO\GHIRUPHGPDWHULDO LVDQHZO\LGHQWLILHGDUHDRIUHVHDUFKIURP
WKLVSDSHUDQGZHVKDOOH[SDQGRQWKLVODWHU 
,QUHJLRQ,9WKHWRROWLSSXVKHVWKHDWRPVGRZQZDUGDQGDORQJWKHሾ ?ത ?ത ?തሿGLUHFWLRQ,WLVZHOO
DFNQRZOHGJHG WKDW VOLS LQ D GLDPRQG FXELF ODWWLFH VWUXFWXUHV RFFXUV SUHIHUHQWLDOO\ LQ WKH
!IDPLO\RIGLUHFWLRQVRQWKH^`IDPLO\RISODQHV$WRPVLQUHJLRQ9PRYHGRZQZDUG
DORQJ WKH ሾ ?ത ?ത ?തሿ GLUHFWLRQ ZKLFK LV FRQVLVWHQW ZLWK WKH VOLS V\VWHP RI VLOLFRQ RQ WKH 
SODQH 6OLS LQ VLQJOH FU\VWDO VLOLFRQ LV QRUPDOO\ H[SHFWHG WR WDNH SODFH RQ EURDGO\ VSDFHG
VKXIIOHSODQHV\HWPLFUR-FRPSUHVVLRQH[SHULPHQWVDWKLJKWHPSHUDWXUHVVKRZHGWKDWVOLS LQ
VLOLFRQRFFXUVE\WKHPRYHPHQWRIGLVORFDWLRQVRQPRUHFORVHO\VSDFHGJOLGHSODQHV>@)LJ
 GHPRQVWUDWH WKDW ZKHQ WKH QDQRPHWULF FXWWLQJ ZDV SHUIRUPHG DW  . WKH VXEVWUDWH
DWRPV PRYH DORQJ WKH ሾ ? ? തሿ DQG ሾ ?ത ?ത ?തሿ GLUHFWLRQV SODXVLEO\ GXH WR ZHDNHU YDQ GHU :DDOV
LQWHUDFWLRQV EHWZHHQ DWRPV $GGLWLRQDOO\ LW FDQ DOVR EH VHHQ WKDW WKH WXUEXOHQFH LQ WKH
VXEVWUDWHDWRPVVFDOHVOLQHDUO\ZLWKWKHLQFUHDVHLQWKHPDFKLQLQJWHPSHUDWXUH 
$QRWKHUNH\ ILQGLQJIURP)LJ LV WKDWZKHQ WKHQDQRPHWULFFXWWLQJZDVSHUIRUPHGRQ WKH
RULHQWDWLRQWKHSRVLWLRQRIWKHFHQWUHRIURWDWLRQDOIORZLQUHJLRQǿǿǿZDVREVHUYHGWREH
ORFDWHG ORZHU WKDQ WKRVH RQ WKH RWKHU FU\VWDO SODQHV DQG WKHUHE\ FRQWULEXWLQJ WR D PRUH
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LQIOXHQWLDO IORZRI WKHDWRPV LQ WKHVXEVWUDWHZKLFKIDFLOLWDWHV WKHPDWHULDO UHPRYDOSURFHVV
GXULQJQDQRPHWULF FXWWLQJ7KHREVHUYHGSKHQRPHQRQFDQEH FRQVLGHUHG DV D FRQILUPDWLRQ
IRUWKHIDFWWKDWWKH[ ?ത ?0] LVWKHHDV\FXWWLQJGLUHFWLRQRQWKHSODQHRIVLOLFRQ>@,Q
DGGLWLRQ E\ FRPSDULQJ WKH GLVWRUWHG DWRPV KLJKOLJKWHG E\ JUH\ FLUFOHV LQ )LJ  RQH FDQ
GHGXFHWKDWZKHQKRWQDQRPHWULFFXWWLQJLVSHUIRUPHGRQWKHFU\VWDOSODQHWKHQXPEHU
RIGLVSODFHGDWRPVZLOOEHKLJKHUWKDQWKRVHRQRWKHUFU\VWDOSODQHV 
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)LJ6QDSVKRWVRIDWRPLFIORZILHOGZKLOHFXWWLQJVLOLFRQRQWKHGLIIHUHQWFU\VWDOSODQHVDW
 . $W KLJK WHPSHUDWXUHV WKH XSZDUG PRYHPHQW RI DWRPV LV HOLPLQDWHG OHDGLQJ WR
GHFUHDVHRIWKHVSULQJEDFNRQWKHIODQNIDFH0RUHGLVWRUWHGDWRPVDUHKLJKOLJKWHGE\JUH\
FLUFOHV 
 
 
)LJ6QDSVKRWRIDWRPLFIORZILHOGZKLOHFXWWLQJVLOLFRQRQWKHFU\VWDOSODQHDW
.6XEVWUDWHDWRPVPRYHDORQJWKHFXWWLQJDQGVOLSV\VWHPGLUHFWLRQVRZLQJWRWKHYHU\ZHDN
LQWHUDFWLRQEHWZHHQDWRPVDQGYLVFRXVIORZRIWKHPDWHULDO&KDRWLFEHKDYLRXURIWKHDWRPV
FDQEHREVHUYHGDVZHOO 
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)LJ'LVSODFHPHQWRIGLIIHUHQWOD\HUVLQ\GLUHFWLRQ 
 
,Q RUGHU WR ORFDWH WKH VWDJQDWLRQ UHJLRQ GXULQJ WKH QDQRPHWULF FXWWLQJ SURFHVV WKH DYHUDJH
GLVSODFHPHQW RI VXEVWUDWH DWRPV LQ WKH \ GLUHFWLRQ LQ GLIIHUHQW OD\HUV ZHUH SORWWHG )LJ 
VKRZVWKHTXDQWLILHGGLVSODFHPHQWVRIYDULRXVOD\HUVZLWKLQWKHVXEVWUDWHZKLOHFXWWLQJVLOLFRQ
RQ WKH  FU\VWDO SODQH DW  . ,Q )LJ  WKH VORSH DOWHUDWLRQ IURP SRVLWLYH  WR
QHJDWLYH-LQGLFDWHVWKHVWDJQDWLRQUHJLRQ7KXVWKHUHJLRQLQWKHVSDFHRIQPWRQP
IURPWKHERWWRPRIWKHWRROZDVLGHQWLILHGDVWKHVWDJQDWLRQUHJLRQIRUWKHVLPXODWHGFXWWLQJ
FRQILJXUDWLRQ IRU WKH FXWWLQJ DW  . RQ WKH  RULHQWDWLRQ 7DEOH  VXPPDUL]HV WKH
SRVLWLRQRIVWDJQDWLRQUHJLRQDQGFRUUHVSRQGLQJDQJOHVZKLOHFXWWLQJVLOLFRQRQWKHGLIIHUHQW
FU\VWDO SODQHV DQG DW YDULRXV WHPSHUDWXUHV 7KLV WDEOH KLJKOLJKWV VWURQJ GHSHQGHQFH RI WKH
RULHQWDWLRQDQGWHPSHUDWXUHRQWKHVWDJQDWLRQUHJLRQ 
,QJHQHUDOZKHQFXWWLQJZDVSHUIRUPHGRQWKHSODQHWKHVWDJQDWLRQUHJLRQLUUHVSHFWLYH
RIWKHFXWWLQJWHPSHUDWXUHZDVREVHUYHGWRORFDWHDWDQXSSHUSRVLWLRQWKDQIRUWKHDQG
RULHQWDWLRQV7KLVVLJQLILHVWKDWSORXJKLQJGXHWRFRPSUHVVLRQLVUHODWLYHO\KLJKHURQWKH
SODQHDQGWKXVWKHH[WHQWRIGHIRUPHGVXUIDFHDQGVXE-VXUIDFHOHDGLQJWRKLJKHUVSULQJ-
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EDFNLVPRUHSURQRXQFHGRQWKLVRULHQWDWLRQ$OVRDWKLJKWHPSHUDWXUHVWKHVWDJQDWLRQUHJLRQ
ZDVREVHUYHGWRVKLIWGRZQZDUGVWKDQZKDWZDVREVHUYHGDWURRPWHPSHUDWXUH 
$QDO\WLFDODQGH[SHULPHQWDO DSSURDFKHVKDYHVKRZQDFOHDUFRUUHODWLRQEHWZHHQ VWDJQDWLRQ
DQJOH DQG IULFWLRQ DQJOH HVSHFLDOO\ GXULQJ FXWWLQJ RI VRIW PDWHULDOV >@ 7KHUHIRUH LW LV
LQVWUXFWLYHDWWKLVSRLQWWRH[DPLQHWKHUHODWLRQEHWZHHQVWDJQDWLRQDQJOHDQGIULFWLRQDQJOHLQ
VLQJOHFU\VWDO VLOLFRQ7KH IULFWLRQDQJOH ȕ IRUD URXQGHGHGJH WRROZDVHVWLPDWHG WKURXJK
HTXDWLRQZKLFKXVHVWKHHIIHFWLYHUDNHDQJOHLQSODFHRIQRPLQDOUDNHDQJOH 
ߚ ൌ ߙ௘௙ ൅ ݐܽ݊ିଵሺி೎ி೟ ߙ௘௙ ൌ ݏ݅݊ିଵሺ ? െ݀ݎሻ 
ZKHUHߙ௘௙LVWKHHIIHFWLYHUDNHDQJOH)FLVWKHWDQJHQWLDOFXWWLQJIRUFH)WLVWKHWKUXVWIRUFH
DQGGLVWKHXQFXWFKLSWKLFNQHVV7KHYDOXHVRIIULFWLRQDQJOHKDYHEHHQOLVWHGLQ7DEOH 
:KLOHFXWWLQJVLOLFRQRQWKHDQGDW ORZHUPDFKLQLQJWHPSHUDWXUHVYL].WR
. WKHPDJQLWXGHRI VWDJQDWLRQDQG IULFWLRQ DQJOHZHUHREVHUYHG WREH FORVHO\ UHODWHG
+RZHYHUDQLQFRQVLVWHQF\ZDVREVHUYHGDVVRRQDVWKHPDFKLQLQJFRQGLWLRQVZHUHFKDQJHG
LHRQWKHFU\VWDOSODQHDQDYHUDJHGLIIHUHQFHRIWRZDVREVHUYHGEHWZHHQWKH
WZR DQJOHV A noteworthy finding is that WKH GLVFUHSDQF\ EHWZHHQ VWDJQDWLRQ DQG IULFWLRQ
DQJOH LQFUHDVHV ZLWK WKH LQFUHDVH RI WKH VXEVWUDWH WHPSHUDWXUH IRU WKH GLIIHUHQW
FU\VWDOORJUDSKLFSODQHV 
 
 
7DEOH,6WDJQDWLRQUHJLRQVWDJQDWLRQDQJOHDQGIULFWLRQDQJOHLQQDQRPHWULFFXWWLQJRIVLQJOH
FU\VWDOVLOLFRQDWYDULRXVWHPSHUDWXUHV 
6XEVWUDWH 
7HPSHUDWXUH
. 
&U\VWDO
RULHQWDWLRQ 
3RVLWLRQRI 
6WDJQDWLRQUHJLRQIURP
ERWWRPRIWKHWRRO݄ଵǡଶ
QP 
6WDJQDWLRQDQJOHV
ߠ௦ଵǡଶGHJUHH )ULFWLRQDQJOHȕGHJUHH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&RQFOXVLRQV 
In summary, WKLV ZRUN IRU WKH ILUVW WLPH HOXFLGDWHG IORZ EHKDYLRXU RI VROLG VLOLFRQ LQ WKH
PDFKLQLQJ]RQHGXULQJQDQRPHWULFFXWWLQJDNLQWRIOXLGVXVLQJDSDUDPHWHUFDOOHGDVDWRPLF
GLVSODFHPHQW YHFWRU 0' VLPXODWLRQV ZHUH SHUIRUPHG XVLQJ D PRGLILHG YDULDQW RI 7HUVRII
IXQFWLRQWRUHYHDO WKDWDYRUWH[IORZEULQJVKLJKHUPDFKLQDELOLW\RQWKHRULHQWDWLRQLQ
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FRPSDULVRQWRWKHRWKHUWZRRULHQWDWLRQV,WZDVUHFRJQL]HGWKDWWKHVWDJQDWLRQUHJLRQGXULQJ
FXWWLQJ RI VLOLFRQ LV KLJKO\ GHSHQGHQW RQ WKH FU\VWDO RULHQWDWLRQ DQG WKH PDFKLQLQJ
WHPSHUDWXUH )XUWKHUPRUH LW ZDV REVHUYHG WKDW WKH GHJUHH RI WXUEXOHQFH LQ WKH PDFKLQLQJ
]RQHVFDOHVOLQHDUO\ZLWKDQLQFUHDVHLQ WKHPDFKLQLQJWHPSHUDWXUH$WKLJKHUWHPSHUDWXUHV
HODVWLF UHFRYHU\ LV QHJDWHG E\ WKH WXUEXOHQFH DQG PRYHPHQW RI DWRPV DORQJ WKH FXWWLQJ
GLUHFWLRQZDVPRUHSURQRXQFHG/DVWO\WKHDQDO\VLVVKRZHGWKDWWKHYDOXHVRIWKHVWDJQDWLRQ
DQG IULFWLRQ DQJOH ZHUH LGHQWLFDO ZKHQ WKH FXWWLQJ ZDV SHUIRUPHG RQ WKH  DQG 
FU\VWDOSODQHVDQGDWORZWHPSHUDWXUHV 
 
$FNQRZOHGJPHQW 
7KHDXWKRUVJUDWHIXOO\DFNQRZOHGJHWKHILQDQFLDOVXSSRUWIURPWKH(365&(3.
DQG5R\DO6RFLHW\-16)&LQWHUQDWLRQDOH[FKDQJHSURJUDPPH,(IRU WKLVVWXG\7KH
DXWKRUV DOVR DFNQRZOHGJH WKH XVH RI WKH (365& (3. IXQGHG $5&+,(-:H6W
+LJK3HUIRUPDQFH&RPSXWHUDWWKH8QLYHUVLW\RI6WUDWKFO\GH 
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